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Abstract 



Let L be an elliptic differential operator on a complete connected Riemannian 
manifold M such that the associated heat kernel has two-sided Gaussian bounds as 
well as a Gaussian type gradient estimate. Let be the a-stable subordination 
of L for a € (1, 2). We found some classes K2'^(/3, 7 E [0, a)) of time-space functions 
Qs, ' containing the Kato class, such that for any measurable b : [0, 00) x M — > TM and 

"^t ■ c : [0, 00) x M ->■ M with \b\,c € ij,' 1 , the operator 

4 a) (t,x) := L {a \x) + (b(t,x),V-) +c(t,x), (t,x) G [0, 00) x A/ 



J b,c 

has a unique heat kernel p^}{t, x; s,y),0 < s < t,x,y € M, which is jointly contin- 
uous and satisfies 



- < pi , . %'■> s,y) < - 
C{p(x,y)V (t- s)«} d + a ' {p(x,y)V {t- s)~} d + a ' 

a — 1 

IV.p^Ct.xja,!/)! < — x (t ~ S) V- , 0<s<i, x,y£M 

{p(x,y) V(t-s)-} d +* 

for some constant C > 1, where p is the Riemannian distance. The estimate of 
VyPfrl! and the Holder continuity of V x p^ are also considered. The resulting 
estimates of the gradient and its Holder continuity are new even in the standard 
case where L = A on R rf and b, c are time- independent. 
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1 Introduction 



In [13], the two-sided Gaussian bounds were confirmed for the heat kernel of the time- 
dependent second order differential operator div(AV) + B ■ V on IR d , where A : [0, oo) x 
M. d — y WL d ®WL d is uniformly elliptic and uniformly Holder continuous, and B : [0, 
M. d is in a class of singular functions. In the same spirit, the sharp heat kernel bounds 
have been presented in p~| for fractional Laplacian with perturbations. More precisely, let 
A (q ._ k e t k e f rac tional Laplacian on l d for a 6 (1,2), and let b : R d -»■ R d be in 
the Kato class JC/ Q_1 , i.e. 



I%)l , n 
hm sup / i -7- — dw = 0, 



x— 2/|<e 



or equivalently, 



|6(y)|(eA| 


X - 7/ 


a) 




x - j/ 


<f+l 



limsu P / n — dy = 0. 



Then the heat kernel p b (t,x,y) of + (6, V-) satisfies 
C 1 - 1 ) 7^ t -^-—< P ( t\t,x,y)< 



C(\x-y\ Vt«) d+a ' ' {\x-y\ Vft) d+a 

for some constant C > 1. Recently, this result was extended in (3] to the Dirichlet heat 
kernel for the fractional Laplacian with perturbations. The aim of this paper is to de- 
rive sharp heat kernel bounds for more general fractional diffusion operators with time- 
dependent perturbations, and to derive gradient estimates of the heat kernel which are 
new even in the framework of pp. 

Let M be a c?-dimensional connected complete Riemannian manifold with Riemannian 
distance p. Let L be an elliptic differential operator on M generating a (sub-) Markov semi- 
group P t . Then P t is a Co-contraction semigroup on the Banach space Cb(M) equipped 
with the uniform norm || • H^, and 3>{V) D Cq(M), where (L,@(L)) is the infinitesimal 
generator of P t on C&(M). 

Throughout the paper, we assume that P t has a density p(t,x,y) w.r.t. a reference 
measure /JonM such that 

exp[ Cp{ - X ^ 2 } Cexpf rfMXL ] 

(1.2) J\ 1 -i <p(t,x,y)< - c \ d \ t>0,x,yeM 



C(ji(M)At)* (/i(M)At)5 



and 



C exp[ 



(1.3) \V x p(t,x,y)\ < ~ ""7,^ ^ i>0,x )2 /6M 

hold for some constant C > 1, where V x stands for the gradient operator w.r.t. variable 
x. Consider the a-stable subordination of 



/"OO 

P, {Q) := / Ps^ids), t>0, 
Jo 



2 



where is a probability measure on [0, oo) with Laplace transform 

e~ Xs fii a \ds) =e~ tx \ A>0. 



oo 



Then is a Co-contraction semigroup on Cb{M). Let be the infinitesimal generator 
of P t (a) . Then 9{L^) D ®{L) D C 2 (M), see e.g. % Proposition 12.5]. By (TO]l . the 
density p( a \t,x,y) of P/ a ^ w.r.t. yU satisfies (see Proposition 12.11 below) 

(1.4) C- 1 ^, p(x, y)) < pW(t, x, y) < C^ a \t, p(x, y)), t > 0, x, y G M 
for some constant C > 1 and 

(1.5) £ {a \t, r) := — + * , t > 0, r > 0. 

/i(M)(rV^)« (rVi^+« 

Now, to make time-dependent first- and zero-order perturbations of D- a \ let b : 
[0, oo) x M — > TM and c : [0, oo) x M — > K be measurable. Consider 

4 Q c } (t,a;) := L^(i) + (6(t, x), V,-) + c{t, x), (t,x) G [0, oo) x M. 

To construct the heat kernel of this operator, we restrict \b\ and c in certain classes of 
functionals as in [TJ [13]. To introduce these classes, a function / on [0, oo) x M will be 
automatically extended to R x M by letting /(s, •) = for s < 0. For 7, /3 > 0, define 

K aj( £ ) = su p \ £a 77 ri mv) ds V, e > 0. 

(f,x)e[o,oo)xM L JoJm sa[e — s)a ) 

Definition 1.1. For 7,/? > 0, let 

Kg 1 = K*f>(n) = {/ G #(R x M) : Bm*J?(e) = o}, 

where ^(M x M) is the set of all measurable functions on R x M. 

It is easy to see that is decreasing in both 7 and /3. According to Proposition 12. II 
below, K^(/i) D t j^ a ~ 1 (/i) for any /3 G [l,a), where is the Kato class on M 

consisting of measurable functions / with 

(1-6) l M M)<oc}MI/l) < 00, limsup / l/(y)K gA ^y) a ) ^(dy) = 0. 

When M = M d and /i(dy) = d|/, this class reduces back to the class J^X _1 in [I] as 
mentioned above. See also Proposition 12.21 for explicit subclass of K^ ,/3 in the time-space 
functional space. 
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To introduce the heat kernel of Lj^, let us look at the heat equation 



(1.7) 



[d t u{t, s, •) = l£J(t, -)u(t, s, •), t > s, 
\u(s,s, •) = <p, 



where s > and <p G Cb(M). Recall that u is called a mild solution of this equation, if it 
satisfies 

u(t, s, x) = P}_l<p(x) + / P}"l{(b(r, ■), Vu(r, s, •)) + c(r, -)u(r, s, -)}(x)dr, t>s. 

J s 

Therefore, it is natural to construct the fundamental solution to the heat equation by 
solving the integral equation 

M oN P { b ) c {t,x\s,y)=p {a \t-s ) x ) y)+ I dr p {a) (t - r, x, z) 

(1.8) Js Jm 

■ { (b(r, z) , V z pf} (r, z; s,y)) + c(r, z)pgj (r, z; s, y) }p(dz) 
for t > s > 0, x, y G M, so that the mild solution to (11.71) can be formulated as 

u(t, s, •) = P^fip := / p[ Q c } (t, •; s, y)tp(y)fi(dy). 
Jm 

We remark that following the argument of [13], the heat kernel of A*-") + (b, V-) on R d 
with time-free b was constructed in [1] by solving the dual equation 

(1.9) p i b a) (t,x,y)=p ia \t,x,y)+ [ dr f p { b a \t - r,x, z)(b(z),V z p {a \r, z,y))dz, 



where 

p (a) i s 

the heat kernel for the a-stable operator A^. The advantage of (II. 9p is that 
it does not involve the derivative of the unknown heat kernel, and hence easier to solve. 
On the other hand, the good point of (II. 8p is that from which one can easily derive the 
gradient estimate and confirm the infinitesimal generator of the solution. 
The following three theorems are the main results of the paper. 

Theorem 1.1. Assume (TQ]) . (rP]) and let a G (1,2). If \b\,c G K^ 1 , then (JTH} has a 
unique solution p^(t, x; s, y) such that for allt — sG (0, l],x,y G M, 

(1.10) C-^it - s, p(x, y)) < pg(t, x- s, y) < Ct*«\t - s, p(x, y)), 

and 

ft in ivy Hf + m ^ C£ {a) (t - s,p(x,y)) 

(1-11) \VxPlc(t,x]s,y)\< - -r 

{t — s)a 

hold for some constant C > 0. Moreover, is continuous and satisfies the following 
two assertions: 
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'1) For any < s < r < t and x, y G M, 



Pb Q i(^ x 'i s,y) = / Pb a l(t, r , z)p { ^(r, z\ s, y)n(dz); 

J M 

(2) If p has a ^-density w.r.t. the volume measure, b G C([0, oo); Lj oc (M — >■ TM; /i)), c G 
C([0, cx)); L] 0C {M ->R;[i)), then for any cp,ifj G C 2 (M), 

JjP;— / H p ts<P ~ <f) d V = I ^Ljtffa^ipdfi, s>0. 

U* I — S J M J M 

We remark that Theorem 11.11 not only generalizes the main result in [1] for solution to 
( II. 9p . but also provide the new gradient estimate (II. lip . The next result says that under 
a Hessian upper bound condition of p(t, x, y), we are able to further confirm the Holder 
continuity estimate on pf^. For x ^ x', let r y x,x ' : [0, 1] — >• M be the minimal geodesic 
from x to x', which might be non-unique if x is in the cut-locus of x' . Define 



(1.12) V(t;x,x';y) = p™{t,x,y) + p^(t,x',y) + / p^(t,j x 9 ' x ,y)d0. 

Jo 

Theorem 1.2. Assume that (O]) . (O]) and 

Cexp[- p(3: ' y)2 1 

(1.13) |V|pft,g.y)l < : ' C ' d - > t>0,a;,yGM 



t(/i(M) At) 



no/d /or some constant C > 1. Let a G (1,2). // |6|,c G /or some (3 G (l,a), t/ien 
t/iere exists a constant C > snc/i t/iat 



VxP^ (t , x;s,y)- // (t, x'; s, y) 



CXx.if ^(t - s;s,s';g/) 
(lA(t-s))« 



/io/ds /or all < s < t and x, x', y G M, where / / x '^ x denotes the parallel transport along 
the geodesic ^ x,x . 

Finally, we consider the derivative estimate of w.r.t. the variable "y". 

Theorem 1.3. In addition to the assumptions of Theorem 11.11 we also assume that 
p( a \t, x, y) = p( a \t, y, x) and div^b G K^ 1 exists, where div M 6(s, ■) is the unique (if exists) 
element in L\ oc [M — > M; /i) such that 

[ (div„&( a , -))/d/* = / (6(s,-),V/)d/i, /eCj(M). 

Then 

f, i A \ ivy (<*)/. \i ^ C^°^(t s,p(x,y)) 

[t — S)c 

hold for some constant C > 0. 
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The remainder of the paper is organized as follows. We present in Section 2 some 
estimates on p( a \t,x,y) and characterization of the class KJ' 3 , then prove the above 
theorems in Section 3. Finally, some examples are presented in Section 4 to illustrate the 
above three theorems. 



2 Some preliminaries 

In this section we aim to characterize the class K^ ,/3 and to present some estimates on p^ 
which will be used in the proofs of Theorems 11.11 and 11.21 

Proposition 2.1. K^ ,/3 (/i) D ,J^^" x {p) holds for f3 G [l,a), where J^ a_1 (/i) is fixed by 
in- 
Proof. Since 

' ( 5 i-± r -(*-«)) A s~^}ds < C{r a - d ~ l A {er~^)}, e,r > 



holds for some constant C > 0, it is easy to see that 

\f{y)\^ a \s,p{x,y))s~^{e - s)~^(dy)ds 







Jm Jo k J 

r b=i , |fh1 r / l/(y)l(eAp(z,y) a ) 



'm pO, y) d+l 

holds for some constants Ci,(7 2 > 0. Similarly, the same estimate holds for 

l/(2/)l£ (o) (s»p(s,J/))s~«(e - s)-*n(dy)ds. 



I M 

Therefore, the proof is finished. □ 

In the next result, we present a lower bound of W^^(fi) in the class of time-space 
functions. 

Proposition 2.2. Assume that 

(2.1) n{B{x, s)) < Cs d , s > 0, x G M 

holds for some constant C > 0. Let a G (0, 2), 7, j3 G [0, a) and p, g G [1, 00]. If 

da a 

(2.2) - + -<a-7, q> 



p q a — (3' 

then 

^(M;^(M,/i))cK^(/x). 
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Proof. Using Holder's inequality, it is enough to prove 

(2.3) lim sup I(x, t) = 0, 

40 xeM 



I(x,t):=t^ I ( / ^(s,p(x,y)y^(dy)Y s-^{t-s)-^ds 



where 



\jm 

for q* = ^-j- and p* = By the definition of there exists a constant C\ > such 
that 



^ a \s,p(x,y)fp(dy) 



M 



dp* 



<CAl+ 1 s-^p(dy) + s p / p^^^Xdy) 

I J B(x,sa) J B(x,sa) c 

=: Ci{l + Ji(x,s) + J 2 (x,s)}, sG (0,1]. 

By (12. ip . there exists a constant C > such that 1 + J\(x, s) < Cs and 

00 



J 2 (x,s) = s p *J2 x P(^Z/)- ( " +a)P V(dy) 

n=0 "'B(^,2"+ 1 s3)-B(i,2"sS) 
00 

< S ^-^ J22-^ d+ ^p(B(x,2 n+1 s^)) 

n=0 

00 



n=0 

hold for s G (0, 1]. Thus, 

I{x,t)<C 2 t^ f 's^-^-^(t-s)- e fds = C 2 t 1 + 6 f s\l-sr^ds<C 3 t 1+s , 
Jo Jo 

holds for some constants C 2 ,C 3 > 0, and all t e (0, 1], where = |£-4£-2£>-l 
and SsL < l by (jZSj) . Then Q holds. □ 

Next, we consider estimates on p^ a \t,x,y). 

Proposition 2.3. Assume ( 11.21) . 

(1) (H-41) holds for some constant C > 1. 

(2) If there exist constants Ci,C 2 > and a natural number k > 1 such that 



C\ exp [- 



C2p{x,y) 



(2.4) |V>(t,x,y)l < r: , : ~ d ; t > 0, x, y e M, < i < k, 

U(p(M) At) 2 
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then 
(2.5) 

holds for some constant C > 0. 



V& a Ht,x,y)\< C& \ p(x ' y) \ t>0,x,yeM 



(3) If (I2.4p holds for k = 1,2, £/ien /or any /3 G (1, a) there exists a constant C > 

Vj> a \t,x,y) - // x ^ x V x >P (a) (t,x\y)\ < Cr^(x l3 ;') M i,(^,a:';!/), 
where r\ is in ( II. 121) . 

Proof. (1) According to the proof of [21 Theorem 3.1], for any A > and m > there 
exists a constant Ci > 1 such that 



(2.6) 



< 



Ci(rVt^) m+a Jo 



exp[-^] (Q) 



dt 



(r V U) m+a 

holds for any r, t > 0. Combining this with the second inequality in (II .21) we obtain 



pto(t,x,y)<C 



exphgfc] (a) 



d 
S2 



C 



/i(M) 



L {At(Af)<oo} 



00 , s2 

- P^'V) (a) /j x 

e c« ^ J(ds) 







< 



C't 



at 



(p(x,y) V t^)( d + Q ) (p(x,u) V t-) Q 
for some constant C" > 1. On the other hand, noting that 



C'^\t,p(x,y)) 



> 



1 / 1 



-{n(M)<oo} 



(p(M)At)l 2V t | fj,(M)% 

we obtain the desired lower bound estimate by using the first inequality in (jl.2p . 
(2) It is well known that (cf. (14) in [2]) 



2 + a 



(2.7) /4 a) (ds) < C ts~^ exp[-ts^t]ds 

holds for some constant Cq > 0. Then (12 .4p yields that 

sup sup \Vlp(-,x,y)\ etfQijr), 

x,y 0<i<k 

so that by the dominated convergence theorem we obtain 
\V k J a \t : x,y)\ 

POO 

^ „ „ , / r d+c+fc+2 _ H +fc+2 

< 6 Cit / {s 2 +l{ M (M)<oo}S 2 jexp 



t C 2 p(x, y) 1 



s * 



ds 



<C Q C 1 {hM 2 ) 



where 



h-=t {s 2 + l{ At( M)< 00 }S 2 jexp 



g + fc + 2 



C 2 p(x,yf 



<C z t{p{x,y) 



-{d+a+k) 



d+a+k-2 

r 2 e 



"dr + l{ M (M)<oo}P(z, !/) 



-(a+fc) 



a + k-2 

r 2 e dr 



< C 4 t{p(x,y)-( d+a+fe ) + l {MM)<oo} p(x,2/)-(" +fc )}, 



and 



« { 



_ d+o+fe+2 
S 2 



g+fc+2 

+ 1{/i(m)<oo}S 2 jexp 



S 2 



d.s 



< cM 



d+k 



d+k 



r <* e r dr + l{ At( j 1/ )<oo}t Q / r«e r dr 



C d-\-k k_ >. 

< C A \t « + l{ M (M)<oo}^ Q ) 

for some constants 6*3,(74 > 0. Therefore, 

\V k J a \t,x,y)\ 



(2.8) 



From this we complete the proof by considering the following two cases respectively, 
(i) If p(x, y) < ta then CI 2 . 8 p implies 

\V k J a \t,x,y)\ < c A {r*£ + i {MM)<oo} r^}. 

Moreover, in this case (JL5]) implies 

1 



^(t,p(x,y))> 



p{M) 



d 



Therefore, (I2.5P holds for some constant C. 

(ii) If p(x,y) > to, then from ( 12.81) and (II. 5ft we obtain 

\V k J a \t,x,y)\ < C 4 {tp(x,y)^ d+a+ ^ + tl {fl{M)<oo} p(x,y)-^} 

<^r&\t,p(x,y)) 

for some constant C > 0. 

(3) Since (12 ,4p implies (12. 5 p for k — 1, 2, we have 



V^ a \t 7 x,y)-//^^ a \ty,y) <p(x,x') / |V^(t, 7^'^)!^ 
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Hence, by ( 12. 5 j) for k = 1 and Young's inequality, we obtain 

V^ (a) (t, a:, 2/) " l/ x ^ x V xl p {a \t, x' : y) 

< (\Vj a \t,x,y)\ 2 -P + \V x ,pM(t,x',y)\ 2 -^ 

x \V x p^(t,x,y) - lU^V^^x'^- 1 

< C 3 r%p(x, x'f- l {p^\t, x, y) + p^(t, x', y)} 2 ~ P 

\p^(t n r\y)\M 



< Cit~^ p(x, x') /3_1 ?7(t; x, x'; y) 

for some constants C3, C4 > 0. Then the proof is finished. □ 

Finally, we present below a (3P)-inequality as in jT] Theorem 4]. 
Proposition 2.4. There exists a constant C > such that 

(2.9) £ {a) (t ir ) A«e (Q) (s,w) < C£ (a) (t + s,r + w), s,t,r,u>0. 
Consequently, there exists a constant C > sitc/i that for s, t > 0, x, y, z e M, 

(2.10) p (Q) (t,x,2)p (a) (s,£,?/) < Cp (a) (s + t,x,?/)(p (Q) (t,x,2) +p {a \s,z,y)). 

Proof. (1) According to the proof of [H Theorem 4], for any m > the function £ m (t, r) : = 
r « A (tr"( m+a )) satisfies 

(2.11) A£ m (s,w) < 2^£ m (t + s,r + w), i,r,s,u>0. 

So, it suffices to prove (I2.9P for /i(M) < 00. In this case the proof of (I2.9P can be finished 
by considering the following two situations. 

(i) If either rVt, s V u > 1 or r V i, sVu < 1, then for m = d or m = respectively 
one derives from (12.111) that 

£M(f,r) A < (l + _i_){e m (*,r) A £ m (a,u)} 

2 6m (l + u(M)V , , 2 6m (l + u(M))2 

£ MM) U ' + " + "> - + '■ r + "»■ 

(ii) If e.g. r V t < 1 but s V it > 1, then 

fi{M)(u V s~) a 

< (l + //(M))(t + s) < 2«(1 + /i(M))(t + s ) 



/i(M)(w°Vs) - /i(M){(r + w) a V (t + s)} 
< 2 Q (l + /i(M))£ (a) (t + s,r + u). 
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(2) Combining (12. 9p with the inequality ab < (a + b) (a A b) , a, b > 0, we obtain 

f(«)(i, r )£(«)(s jU ) < Cf(°)(t + Sjr + U )(f(")(t jr ) +f(°)( SjU )). 

Since r) is decreasing in r, combining this with Proposition 12.31 (1) and noting that 

p(x, z) + p(z,y) > p(x,y), we prove (I2.10p for some (different) constant C > 0. □ 



3 Proofs of Theorems II. 1L 11.21 and 11.3 



To construct the solution of (ll.8|) . we make use of the argument of Picard iteration as in 
[TJ. For t > s > and x,y G M, let po(^> x l s , y) = P^ a \t — s, x, y) and 



(3.1) 



M 

[b(r, z), V 2 p„_i(r, z\ s, y)) + c(r, z)Pn-i(r, z; s, y)}/i(dz)dr 

for n > 1. Moreover, let G>o(£,x; s,y) := p^ a \t — s,x,y) and 

n (i, z; s, y) := p n (t, x; s, y) - p n _i(i, x;s,y), n> 1. 

It is clear that 

Q n (t,X)S,y)= / / p (a) (t-r,x, z)(b(r,z),V z Q n -i(r, z;s,y))fj,(dz)dr 
(3.2) JsJM t 

+ / / p {a \t-r,x,z)c(r,z)Q n _ 1 (r,z;s,y)p(dz)dr. 

Lemma 3.1. Assume (O]) . (Oj) and fe* |6|,c G Lei 

£(r)= sup {1^,(5) + ^(e)}, r > 0. 

ee(0,r] 

Then there exists a constant cq > swc/i i/iai for any n > 0, p n (hence 6 n ) we// defined 
and 



(3.3) 



|V x 6 n (t, z; s,y)\ < {c £(t - s)} n (t - s)~ (* - s, x, y), 
\e n (t,x;s,y)\ < {c £(t-s)} n p {a \t-s,x,y), t > s > 0,x,y G M. 



Proof. According to Propositions 12.31 and 12.41 we may take a constant C > 1 such that 
flUP , d23|) for jfe = 1, and f l2TT0|) hold. Take c = 4C. Then the assertion holds for 
n = 0. Assume it holds for n < m for some m > 0, then it is easy to see from (II .4p and 
c G K*' 1 that p m +i is well defined. It remains to prove (I3.3P for n = m + 1. For any 
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unit vector U G T X M, let x e = exp[ell],e > 0. According to the assertion for n — m, it 
follows from d2~T0|) that 

1 

-\e m+1 (t,x e ;s,y) - Q m+1 (t,x;s,y)\ 



s 



<- f d0 [ [ \V xP ^(t-r,x e ,z)\ 
£ Jo JsJm 

■ {\b(r, z)\ ■ \V z e m (r,z;s,y)\ + \c(r,z)\Q m (r,z;s,y)\ii(dz)dr 
< (Cof (t - S))m fd0 ff (t-r)^p ia \t-r,x e ,z)p^(r-s,z,y) 

£ JO Js JM 

■ ||6(r, z)\{r — s)~« + |c(r, j/i(dz)dr 

C(co£(t - s)) m f £ (a)/ 

U— \ p ia \t-s,x e ,y)d9 

Jo 

\b(r, z) | (p^ (t — r, xg, z) + p^ a \r — s, z, y)) (t — r)~~(r — s)~* 
+ |c(r, z)\ (p( a \t — r, xg, z) + p^ a \r — s, z, y)) (t — r)~~ l/i(dz)dr 



< 

-t 



M 



pW(t-8,x e ,y)dB 



< C(c £(t - s)r{2K^ bl + Kg + K°£)(t - s) Q jf 

< (c £(t - s)) m+1 (- fp^\t - s, x d , y)dd) (c £(t - s)) m+l p {a \t - s, x, y) 



as e — > 0. Then the first inequality in ( 13. 3ft holds for n = m + 1. Similarly, and even 
simpler, we have 

|6 m+1 (t, x; s,y)| < {c £(t - s)} m+ V a >(t - s, x, y). 

Therefore, the proof is finished. □ 

Proof of Theorem It is standard that we need only to find to > such that ( 11.81) has 
a unique solution satisfying (ll.lOp and ( II. lip , and to verify assertion (1) with t — s < t 
and assertion (2). Let to > be such that co^(to) < §j where £ is defined in Lemma [3.11 
fa) Construction of the solution. Define 



2©*^; 8,y) = ^2e n (t,x;s,y), t - s G (0,t ],x,y G M. 

n=0 



By Lemma I3TTI this series, as well as X^o ^x@n(t, x; s, y), converge uniformly on {(t, x; s, y) : 
t-s G (0,t ],x,y G M}. Then (01]) holds. By letting n -> oo in (ETC]) , we see that Oj) 
holds. Moreover, since all B n are jointly continuous, so is p^l- Finally, by Lemma 13.11 
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we have 

» 



|pg (t, x;s,y)- p {a) (t-s,x,y)\<J2\®n(t,x;s,y)\ 

n=l 

^ 1 ) ^(' -«■'■») -'■'■»)• 



Then ( 11.101) follows from ( 11.41) ensured by Proposition 12.3( 1). 

(b) Uniqueness. Let pf} be another solution to (11.81) satisfying (11.111) . Then the 
induction argument in the proof of Lemma 13.11 implies that := p^ — p^ satisfies 
|0(t, x; s,y)\ < (c £(t — s)) n p^(t — s, x, y) for all n > 0, so that letting n — > oo we derive 
Q(t, x; s, y) — for t — s < t . Thus, the solution is unique. 

(c) For (1) it suffices to prove that for any (p G C^°(M), 

(3.4) Pl'Mx) = FftP%<p(x), s<r<t, 

where 

^tsVO) == / P { b a c(t^;s,y)if(y)fi(dy). 
Jm 

Set 

g r , s (x) = (b(r, x), VP^(x)) + c(r, x)P r 6 />(x), r > s. 

By (11.81) we have 

P^{x) = p£\<p{x) + f pQg^xW 

J s 

= P&PPMx)+ r P^-U'A^r' + ( P£l,g rl , s {x)dr 

J s J r 

= P£lP b r;>{x) + [ Ptl> ((Kr', ■), VP r b ;») (x)dr> 
+ / P '"K c(r ''- )P ''>) (x)dr ' 

On the other hand, 

PllXM*) = P&P%<p(x) + I P[% (W, ■), V(P r b ; c r P»)) (x)dr' 

P£l,Ur>,.)P>f r P^)(x)dr>. 



By the uniqueness as observed in (b), we obtain (13. 4p . 
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(d) Finally, we prove (2). Let ip,ip e C$(M). By ([HI), we have 



r-tb.c 

Pt,s<P-<P T (a) 



t - S 



(3.5) , _L 

< - s „ 

+ -?- [\b(s,-),VP r b ! : V -V V )dr 
t-s J s 

=: J„(t, s) + Ji(t, s) + J 2 (T, s) + J 3 (t, s). 
Since p e Cg(M) C ^(P> } ), we have 

(3.6) lim||/ (t,a)|| oo = 0, s > 0. 



Fix s > and set 



u(t,a;) := P$f<p(x), t>s. 

(a) 



First of all, by (jl.4p . (11.101) and the contraction of P t we have 

(3.7) sup •) Hco < oo. 

te[s,i+s] 

Next, by (O} and Proposition 0(2), (ESD holds for fc = I. Combining this with ( Oil , 
we obtain 



(3. 



||VP t (a V - V^IU < f || VPi Q) L( Q Vl|ood S 
Jo 



< dUL^Vlloo / s~«ds<C, t£[8,l + 8 
Jo 

for some constants C\,C > 0. Next, let 

©£V = / @n(^, ■; s, y)<p(y)fj,{dy), t > s. 

J M 

By (ET3jl . (TOD and noting that ||P P (a Vlloo < IMU < oo, r > 0, we obtain 

llveftViioo 

<C7||^|| oo (c ^-a)) n - 1 

< C||^||ooM(t - s)) n "V(t - s) < ( Cl £(t - s)) n , n > 1 

14 



' £ (a) (* - r, p(-, z)) ( + |c(r, z)|) Ai(dz)dr 



where C\ := Co + C||<^||oo. Since £(r) — > as r — > 0, we may find to £ (0, 1] such that 
Ci^(to) < 1- Combining this with (I3.8P we conclude from the construction of and the 
definition of P^f that ||Vw(t, -)^oo is bounded on [s, s + t ]- This and (13.71) yield 

(3-9) sup {\\VP b r ; c MU + ||P r 6 ; s Vlloc} < oo. 

re[s,t +s] 

Therefore, there exists a constant C > such that 

-t r 

pW (t _ r? . ; ^) |c(r, 2) I • |w(r, z) |/i(dz)dr 



I T->b,c 11 ^ 11 n(a) 11 

I V - f\\oo < WPt-if -<P\\bo + 



sJM 



p^ a \t — r, z)\b(r, z)\ ■ \V z u(r, z)\n(dz)dr 

sJM 

< \\Pth - f\U + C SUp ||P r >||oc^J° c (t - S) 

re[s,t] 

+ c sup || vp b r: c MUK^{t - s ) ^ °' 



rG[s,t] 



as t j. s. Hence 
(3.10) 



lim sup \\P^f(p - v^Hoo = 0. 

Since 6 e C([0, 00); L\ 0C {M -> TM;/i)),c G C([0, 00); L} oc (M -> this and (1331) 

yield that 

lim / + / 2 (M)}d/i = 0. 

Combining this with (13. 5p and (13.61) . we need only to prove 
(3.11) 



lim / il>h(t, s)dfi = 0. 
^ s Jm 

To this end, take {b n (s, -)} n >i C C^(M;TM) such that 



lim 

n— >oo 



\b n (s,-)-b(s,-)\dfx = 0. 



M 



Since fi has a ^-density w.r.t. the volume measure, div /i (V ; &n(s)) £ Cq{M) for ^> e 
Cq (M). Combining this with (13.91) and (I3.10p . and by the dominated convergence theorem 
we conclude that 



lim sup 



7pl 3 (t,s)dfj. 



M 



< 



lim sup lim sup —— / / \b(s , •) — b n (s , -)\ • \V Pf!£<p — V (p\ • \if)\dfj,dr 

n->oo 4s E — S J sJ M 

+ lim sup lim sup — - — ( f |div^(6 n (s, \ ■ {P^ftp — <p\d^dr = 0. 

n— >oo tls t S JsJ M 



Then the proof is complete. 



□ 
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Proof of Theorem \l./& Due to Theorem 11.1( 1). it suffices to prove for < s < t with 
t — s < t Q , where to > is fixed in the proof of Theorem 11.11 According to (a) in the 
proof of Theorem 11.11 we only need to prove 



(3.12) 



where 



Va.0 n (t, x; s,y)- I / x i-> x V x >O n (t, x'; s, y) 
< (cotf,(t - s)) n {t - s)-&p(x t x'f-^it -s;x,x?;y) 7 n>l, 



t p (r):= sup {<f 6 ,(e) + r > 0. 

e£(0,r] 



By (11.41) . Lemma [3.11 and Proposition 12.3( 2) . (3) . we have 



V x Q n (t,x; s,y) - / / x ,^ x V x >B n (t,x'; s,y) 



< 



sJM 



\K r > z )\ ■ |V 2 6 n (r,2; s,y)\ + \c{r,z)\ ■ |6 n (r, z\ s, y)\ 



x 



V x p (a) {t - r, x, z) - // x ^ x V x ,p {oi) (t - r, x', z) p{dz)dr 



< C{c £(t- s)} n p(x,x 



A/3-1 



sJM l 



7](t — r; x, x'] z)p^ (r — s, z, y) 



x (\b(r, z)\(r — s) a (t — r) « + \c(r, z)\(t — r) «) fi(dz)dr. 

By the (3P)-inequality, we have 

rj(t — r; x, x'; z)p ( - a \r — s, z, y) 
< p^ (t — s, x, y) jp^ (t — r, x, z) + p^ (r — s, z, y) 

+ p {a) (t-s, x', y) (t -r,x',z)+ p (a) (r-s,z,y) 
+ J P H (t-s, ^/ , y) [p^ (t - r, , z) + pW (r - s, z, y) )d9. 

Substituting this into the above estimate, we find that 

V x Q n (t, x; s,y)- / / x >-> x V x >O n (t, x'; s, y) 

< C{c £(t - s)} n p(x, x'f- 1 ^ - s) x, x'- y)(t - s )~i 

x (<f 6 ,(* ~s) + K^(t -s) + K°£(t -s) + Kfg(t - s)). 

This implies ( 13TT2|) . 



□ 



1(3 



Proof of Theorem \1.3[ By (11. lip and the existence of div^fr, we see that div M {p (a) (t - 
r,x,-)b(r,-)} exists. Take {/i m } m >i C C °°(M) with < h m < l,h m f 1, ||V/i m ||oo I 0. 
Then, by approximating O n _i with h m Q n -i, we obtain from ( 13 .21) that 

e n (t,x;s,y) = / / div M {p (a) (£ - r,x, -)6(r, -)}(z)e n _i(r, 2; s, y)/i(d2)dr 

+ / / P (q) (^ - r,a;,z)c(r, z)9 n _i(r, z; s,y)fi(dz)dr 



sJM 

(6(r, z), V z p {a \t - r, x, z))e„_i(r, z; s, ?/)£i(dz)dr 

i 

(a)/ 



+ / / F a) (t-r,x,z)c(r, 2)6„_i(r, 2;s,y)/x(dz)dr 
where 

c(r, 2) = c(r, 2) + div A1 6(r, z). 
Notice that by the symmetry and ( II. 3ft . 



C exp[ 



■2 , 



\V y p(t, x,y)\ = \V y p(t, y,x)\ < _ "7 - c \ d , t > 0, x, y £ M. 

y/i(jl(M)At)? 



Using the same arguments as in Lemma 13. 1[ one can prove 

I V„6 n (f , x; s,y)\< {c £(t - s)} n (t - s)-^p^ a \t - s, x, y), 

where 

l(r):= sup {K^tf + Kl&e)}, r > 0. 

ee(0,r] 

As in the proof of Theorem ll.il J2^=o V y B n (t, x; s, y) converges uniformly on {(£, x; s, y) : 
t — s E (0,t },x,y E M}. Thus (JHHJ) holds. □ 



4 Some examples 

Example 4.1. Let L = A + (W, V-) for some V £ C 2 (M) such that 

Ric(X, X) - Hess y (X, X) - e(X, W) 2 > 0, X £ TM, 

(4.1) r d 

— < fi(B(x, r)) < Cr d , r > 0, x £ M 

hold for some constants e > 0, C > 1, where B(x, r) is the geodesic ball at x with radius 
r, and /i(dx) = e y ^vol(dx) for vol the volume measure on M. Then P t is symmetric in 
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L 2 (n) and all assertions in Theorems 1 1 . 1 1 hold. In fact, according to [6] (see also [5] when 
V = 0), the condition (JH2J) follows from (14. II) . Next, according to e.g. [121 Corollary 4.2] 



Combining this with (II. 2p we prove (II. 3p . 

Example 4.2. Let M be compact and L = A + (W, V-) for some V G C 2 {M). Let 
/j,(dx) = e v ^vol(dx). Then all assertions in Theorem 11.21 hold. In this case ^q— < 
fi(B(x,r)) < C(r A l) d holds for some constants C > 1 and all x G M, r > 0. So, 
(II. 2p follows from [5] or [6]. Next, since the compactness of M implies that Ric — Hessy 
is bounded below, [12], Corollary 4.2] implies ( 14 .2p for t G (0,1]. Thus, as observed in 
Example 4.1 that ( 11. 3ft holds for t G (0, 1]. Again since M is compact, the second assertion 
in [121 Theorem 4.4] implies that 



holds for some constants C, A > 0. Therefore, (11.31) holds also for t > 1 as p is bounded. 
Example 4.3. Let M = R d , fi{dx) = dx and 



Assume that ciij are bounded and Holder continuous functions on ffi 1 ^, and (ojj) ^ ^oldxd 
holds for some constant Ao > 0. Then all assertions in Theorems II . II and 11.21 hold. In fact, 
(OP follows from Theorem A] with 6 = 0, and (JOJ) and (OBI) follow from (1.3)] 
(see also [3], page 229). 
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